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Abstract

When dealing with natural variation in a population, initial error in statistics or processes

depending partially on chance, simple numbers are not an adequate model in the intent to

overview the data. Suitable models are essential to simulate and overview a given situation or

data efficiently. So instead of usage of simple numbers, probability in general and probability

distributions are used to interpret and model these situations and their possible variance.

Furthermore, many situations can be described by the same distributions; therefore a few

probability distributions are commonly used to describe a great number of different situa-

tions. This study aims to examine two of the most commonly used probability distributions;

the Binomial distribution and the Poisson distribution; and their relation to each other.

Approximation of probability distributions is relevant in the purpose of bringing clarity to

their characteristics and the different situations they represent. In addition to showing this

in an algebracally, the two probability distributions are deduced from one another. Intend-

ing to reach a better understanding of what a probability distribution is, other equivalent

examples are brought up and the question of how you could show that something is a prob-

ability distribution is treated. By deriving the probability distributions, both theoretically

and algebraically, the term probability distribution should get more lucid.



1 Introduction

The concept of probability has been used for thousands of years, but probability theory was

not phrased until 1494, when the first printed work on the subject was published. Since then,

probability theories and definitions have arisen and turned out to have a lot of applications

, like fields in natural science and statistic language [1].

Three axioms in an axiomatic system for probability were defiened 1933 by Kolmogorov

[2], if P is a function, A is an event and Ω is a set of subsets then (Ω, P ) is a probability

space if:

1. ) 0 ≤ P (A) ≤ 1, for every subset A of Ω.

2. ) P (Ω) = 1,where Ω is the set of all possible outcomes.

3. ) If A1, A2 are disjunctive events, which means that if for example A1, A2 make up the

sample space, they are two mutually exclusive possibilties: P (A1∪A2) = P (A1)+P (A2).

You could interpret 1) and 2) as calibration of the probability notion, and 3) as a way to

show that P is a measurement.

Theorem 1: P (A∗) = 1− P (A), in which A∗ is a complementary event to A.

proof. Because A and A∗ are disjunctive events and A ∪ A∗ = Ω:

P (A) + P (A∗) = P (Ω) = 1⇒ P (A∗) = 1− P (A) follows from axiom 2) and 3). Suppose

that subset A contains g elementary outcomes with the same possibility to occur. A ⊆

{ω1 · · ·ωm} and |A| = m. Since P (ωi) = 1
m

for every i, it follows that the probability of

event A occuring is: P (A) = g
m

which is the classical definition of probability. The difficulty

in more complex problems of this sort is to calcute m and g.

Theorem 2: Let
(
n
k

)
denote the number of k-element subsets of {1, 2, . . . , n}, then:
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(
n
k

)
= n!

k!(n−k)! [3]

Combinatorical fundamental notions are crucial to make these calculations possible, n dis-

tinct objects can be organized in n! ways, i.e n! = n(n− 1)(n− 2) · · · 2× 1. For example you

can organize the set {1, 2} in 2! ways: (1, 2) and (2, 1).This is called a permutation of the set

[3].

A commonly used combinatorical notion is the binomial coefficient
(
n
k

)
, which can be

viewed as the number of sequences with length k out of the n elements, each apperaring

only once. The group k! could be described as the number of sequences with the same set of

subsets. So
(
n
k

)
× k! is the number of subsets which is equivalent to:

(
n
k

)
= n(n−1)···(n−k+1)

k!

with replacement without replacement

taking order into account nk n!
(n−k)!

without taking order into account (n+k−1)!
k!(n−1)!

(
n
k

)
= n!

(n−k)!k!

Table 1: Other ways to sort k elements [3]

A stochastic variable is a function defiened for a set of possible outcomes. To describe how

the stochastic variable varies it is most common to observe the given distribution function of

the variables. For a given x the probability is calculated P (X ≤ x) in which X is a stochastic

variable. The function FX(x) = P (X ≤ x) follows, and applies to all possible values for x,

−∞ < x <∞.

In general, probability distributions are used in many fields, to measure the spread be-

tween different values in a certain population. Describing a quantity with simple numbers is

inconvenient, instead probability distrubitions are commonly used. Some physical processes

are described with probability distributions such as quantum mechanics, the kinetic theory

of gases, and models for fundamental particles.
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This study examines the characteristics of the binomial distribution and Poisson distri-

bution, and approximates these distributions to each other, which leads to greater knowledge

of the variance and illustrates their similarities. The purpose is to derive the distributions

in two ways: algebraically, and by bringing up relevent problem to examplify in order to

deduce these distribution functions in a more intuitive and logical way. Different examples

are used as a tool to bring clarity and understanding of the characteristics and possible fields

of applications of probability distributions.

1.1 Definition of ”independent events”

In this study, independent events are often mentioned. Two events call them A and B are

independent, if P (AB) = P (A)P (B). The same goes for additional events: P (ABC) =

P (A)P (B)P (C)

Figure 1: An illustration of a few independent events in a period of time.

Conversely, an event A is dependent of an event B, if the probability of A occuring is

influenced by if B has occured or not.

1.2 Are the Poisson and Binomial distributions probability distri-

butions?

One necessary condition for something being a probability, is that the total of all possible

disjunctive events should be 1 [3], in this case the total of all different k, which represents the

number of the given elements. Applying this on the Poisson distribution, the condition for
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it being a probability is following:
∑∞

k=0
λke−λ

k!
= 1. This is a problem equivalent to showing

that ex is a summation of all different x: ex = 1+x+ x2

2
+ · · · . So in showing that the second

statement is true, the same goes for the primal statement. We put: ex = a0+a1x+a2x
2+ · · · .

Since ex is its own derivative, d
dx
ex = ex, the problem can be rearranged to: 0 + a1 + 2a2x+

3a3x
2 + · · · = a0 + a1x+ a2x

2 + · · · by deriving both sides. f(0) = e0 = a0 ⇒ a0 = 1. Then:

f(1) = f ′(1) ⇐⇒ 0 + a1 + 2a2 + 3a3 + · · · = a0 + a1 + a2 + · · · If a1 represents the same

constant on both sides this means that the problem could be solved trivially with following

system of equations: a0 = a1, a1 = 2a2, a2 = 3a3 and so on.

Showing that this system of equations can be used, is a problem equivalent to showing

that a0 +a1x+a2x
2 + · · · = b0 + b1x+ b2x

2 + · · · ∀x ∈ R (for every real x), which means that

(a0 − b0) + (a1 − b1)x+ (a2 − b2)x2 + · · · = 0 which in turn means that every correspondent

variable is the same: a0 − b0 = a1 − b1 = · · · 0

Equivalent problem, we call a0 − b0 = C0 and so on:f(x) = C0 + C1x + C2x
2 + · · · = 0,

∀x ∈ R in which case 0 = C0 = C1 = · · · . Because f(0) = 0 = C0 the function is:

f(x) = C1x + C2x
2 + · · · , and the derivate: f ′(x) = C1 + 2C2x + · · · , f ′(0) = 0 = C1. So:

f(t) = 0∀x⇒ f ′(x) = 0 which shows that C0 = C1 = C2 · · · = 0

Consequently, the use of the previously mentioned equation system is allowed. This leads

to: ex = 1 + x + x2

2
+ x3

3!
+ · · · , which shows us that ex is a summation. Reconnecting to

the prior question, this indicates that the Binomial and Poisson distributions are probability

distributions.

k 0 1 2 + k∑ (Np)0e−Np

0!
(Np)1e−Np

1!
(Np)2e−Np

2!
· · · (Np)ke−Np

k!

Table 2: The summation of different k (the Poisson distribution)
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1.3 Deduction of the binomial distribution

Suppose you have N elements with the same exact probability, p to occur. What is the

probability of k elements occuring? You can think of this question as: what is the probability

of k persons, out of N persons, having all the right answers in lotto; if the probability to get

all answers right is p? In this case we assume that the events given the probability p occur

independently, which is the case in lotto.

Let f(k,N) denote this probability. In following example:

p p p
1 1 0
1 0 1
0 1 1

Table 3: f(2, 3)

The number of columns represents N , in this case 3 persons who are competing in a

game of lotto. 1 represents one person having all the right answers, and similarly 0 represent

a person who did not have all the right answers; consequently k represents the number of

persons having all the right answers. The number of rows represents the number of created

permutations, (the different ways to sort the N persons).

The probability of 2 persons getting all the right answers in this given example is:

f(2, 3) = p2(1 − p) × 3. The probability of two persons getting all the right answers af-

ter each other is p2 and (1 − p) is the probability for the third to not have all the right

answers. Because these results can be permutated in three different ways it is multiplied

with 3.

An informal way to present this in the general case is illustrated in the table below.

The binomial distribution, which can be deduced similarly to the first example.The prob-

ability of k persons having all the right answers after each other is pk, and (1− p)N−k is the

probability for the rest to not having it (this is illustrated in the first tableline).
(
n
k

)
is the
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pk · · · (1− p)N−k (
n
k

)
1 1 1 1 · · · 0 0 0 0

permutations...

Table 4: pk(1− p)N−k
(
n
k

)

number of permutations (i.e the number of rows). Consequently the probability of k occuring

alone is pk(1− p)N−k
(
n
k

)
, i.e the binomial distribution.

1.4 Poisson distribution deduced from the binomial distribution

The purpose in deriving the Poisson distribution with the Binomial distribution as a premise,

is to gain an understanding of their relation, and deduce the Poisson distribution by simpler

means.

When p → 0, i.e when p tends to zero, this part in the binomial distribution becomes

negligible: (1 − p)N−k = 1. Whats left:
∑∞

k=0 p
k
(
N
k

)
multiplied by an unknown variable, Z,

in order to make the summation to 1; which confirms that it is a probability distribution.∑∞
k=0 p

k
(
N
k

)
× Z = 1. Consequently we now have a new probability distribution for a small

p, if we find Z for the given parameters [Np].

Rearranging the expression: Z = 1∑∞
k=0

(Np)k

k!

and then,
∑∞

k=0
(Np)k

k!
, can be written as:

(Np)0

0!
+ (Np)1

1!
+ (Np)2

2!
+ (Np)3

3!
+ · · · (Np)

k

k!
= 1 +Np+ (Np)2

2!
+ (Np)3

3!
+ · · · (Np)

k

k!
.

Now consider the developed expression of ex that we discovered earlier [1.2]: ex = 1 +x+

x2

2!
+ x3

3!
+ · · · . As long as we change the parameters in ex, from [x] to [Np] we end up with

the same expression. This means that: Z = 1
eNp

which obviously means that: Z = e−Np.

As the Poisson distribution only occurs when p is small and N is large, it is sometimes

called the law of rare events, because it describes events with very low probability to happen

(p→ 0) but with many oportunities to happen (N →∞) [4].

In order to work with one parameter, which is more practical in many areas, the parameter[Np]
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is replaced with [λ].

Conclusivly the Poisson distribution looks like the following: f(k;λ) = λke−λ

k!
.

1.5 Theoretical deduction of the Poisson distribution

Suppose we want to describe the number of deaths per year in the age group 18−25 years. You

find that the events of the different deaths is a set of random events, occuring independently

and all with the same probability to occur. Because the events (the deaths) are happening

rarely, but still have a high oppurtunity to happen; this indicates that this situation is most

eligably described with the Poisson distribution. A random variable, X(t), which represents

the number of deaths, which occur until the given point in time, t is introduced.

Figure 2: An illustration of the timeline, in the interval (t, t+ h).

To show that X(t) ∈ Po(λt), which means that the random variable X(t)x, follows the

Poisson distribution, we set up the following three reasonable conditions.

1. The probability of at least one death occurring in the time interval (t, t+h) is λh+ t1.

λ represents the intensity and in this case the number of deaths in a time interval.

2. The number of deaths, which occurrs in different time intervals, are assumed to be

independent.

3. The probability of two or more deaths, occuring in a small interval with the length h
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is t1 and t1 is a function with a special property, that it tends to zero faster than h:

t1(h)
h
→ 0 when h→ 0.

We put: Px(t) = P (X(t) = x), (x = 0, 1, · · · ), which means that the function only

is defiened for natural x, like the number of deaths for example, and that it depends on

random events.

Consider X(t+h) = x i.e the event that x numbers of deaths that occur within (t, t+h).

This can only happen if one and only one of the three following situations occur:

B1 is the situation of c1 ∩ c2 (which means that event c1 and event c2 are happening

simultaneously) c1: X(t) = x which is the event that x numbers of death occurs until the

point in time t and c2 represents the event that no deaths occur in the interval (t, t+ h)

B2 is the situation of d1 ∩ d2, (which means that event d1 and event d2 are happening

simultaneously) d1: X(t) = x− 1 describes the event that one less death than x occurs until

the point in time t and d2 is the event of exactly one death occuring in the interval (t, t+h).

B3 is the situation of e1 ∩ e2, (which means that event e1 and event e2 are happening

simultaneously) e1 : X(t) ≤ x − 1, which means that less than x − 1 deaths occurs until

the given point in time and e2 is the event of more than one death occurs in the interval

(t, t+ h).

Since these three described situations are disjunctive, i.e which means that they are

contradictory to each other and can not happen at once, it follows that [referera!]: Px(t+h) =

P (B1) + P (B2) + P (B3) The total of these three events makes up the sample space, i.e all

the possible outcomes. The purpose in setting up this equation is to calculate the actual

probability of [X(t+ h) = x)] happening, i.e the probability describing the total amount of

deaths until the point t + h in time, and in doing so, it is necessary to return to our first

given conditions [1.5]

According to 1) the probability of a death happening in the time interval (t, t+h) is λh+t1

and logically c2, which represents the event of no death happening, is a complementary event
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Figure 3: The different events in relation to each other.

to the event that a death occurs in the given time interval. Consequently the probability of

no deaths occuring in the given time interval is 1− (λh+ t1).

Since 2) says that the deaths occur independently, the probability B1 occuring is the

product of the two included events: P (B1) = PX(t)[1− (λh+ t1)]. Similarly, the probability

of event B2 occuring is the product of the probability of event d1 and d2 occuring: P (B2) =

Px − 1(t)[λh+ t1].

To calculate the probability of e1 happening it is necessary to add all the different quanties

into one quantity for each different x, i.e all the different possible amounts of deaths, in the

event of e1 that X(t) ≤ x− 1.

For simplicity we rename that one quantity Bj
3. So: P[B1

3 ]+P[B2
3 ]+ · · ·+P[Bx−1

3 ] = Bj
3 =

X(t) = j as the probability of two or more deaths happening in the interval (t, t+h) is t1 [from

3)]. The probability of B3 occurring is calculated as previously, i.e as the product of the two

included events: P (B3) =
∑

j<x Pj(t)[t1]⇒ P (B3) = t1
∑

j<x Pj(t). Taking characteristics of

t1 into account, this means that the probability of P (B3) occurring is t1: P (B3) = t1
∑

j<x =

t1.
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So Px(t + h), i.e the probability of x deaths occuring until the point in time t + h, can

now be easily described as [1.5]: Px(t+ h) = P (B1) + P (B2) + P (B3) and then Px(t+ h) is

the total of all the different probabilities in P (B1), P (B2) and P (B3).

So: Px(t+h) = PX(t)[1−λh+ t1]+Px−1(t)[λh+ t1]+ t1 and then accordingly reduced to:

Px(t+ h) = Px(t)− λhPx(t) + λhPx−1(t) + t1Px(t) + Px−1(t)λh+ Px−1t1 + t1 ⇒ Px(t+ h) =

Px(t)[1− λh] + Px−1(t)λh+ t1 ⇒ Px(t+ h)− Px(t) = Px−1(t)λh− Px(t)λh+ t1 and further

rearrenged to: Px(t+h)−Px(t)
h

= λPx−1(t) − λPx(t) + o(1). o(1) is all the h composed into one

expression so: o(1) = t1(h)→ 0 when h→ 0

If h → 0, consequently the derivate of P ′x(t) is: λPx−1(t) − λPx(t), when x is a natural

number. In the special case when x = 0, i.e the number of deaths is zero, the expression

becomes easier to work with, hence RHS is reduced to one term: P ′0(t) = −λP0(t). Let

P0(t) = f(t), and then set up the following condition: f ′(t) = −λf(t) when x = 0. If

f(t) = e−λt then f ′(t) = −λe−λt which satisfies f ′(t) = −λf(t). So in general (we can not

assume there does not exist another function which also answers to our condition) f(t) =

ce−λt ⇐⇒ f(t)eλt = c for a constant c.

Let g(t) = f(t)eλt and let f satisfy f ′(t) = −λf(t).

Showing that g(t) is a constant function is equvivalent to showing that c = 1 for every

t. As g(t) being a constant function is equvivalent to g′(t) = 0 that is what we need to

show. So: g′(t) = f(t)λeλt) + f ′(t)eλt ⇒ g′(t) = f(t)λeλt − λf(t)eλt = 0. Since we showed

that g(t) is constant function this means that: P0(t) = e−λt. From the original function

we have: P ′1(t) = λe−λt − λP1(t). By solving this differential equation we get the solution:

P1(t) = λte−λt and by induction we can now verify that: Px(t) = e−λt(λt)x

x!
for (x = 1, 2 · · · )

We have now shown that the stochastic variable X(t) is Poisson distributed, in this case

with the parameter λt.
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1.6 Approximation of the Poisson and binomial distributions

The function f approximating the function g, stricly means that f
g
≈ 1. Approximations

of probability distribution functions is done similarly, but in order to work with the same

parameters, small calibrations are made, so assume λ = Np. By deriving the Poisson distri-

bution from the Binomial distribution, we already showed that they can be approximated,

but a more strict definition is appropriate.

X approximating Y means that the function f(x) = P[X = x] approximates g(x) =

P[Y = y]. In this case X represents the Poisson distribution and Y the binomial distribution.

So:

limN→∞
p→0

P[Y=y]
P[X=x]

= 1⇒ limN→∞
p→0

Nk(1−p)N−k(nk)
(Np)ke−Np

k!

= 1⇒ limN→∞
p→0

N !
k!(N−k)!
Nk

k!

= limN→∞
p→0

N !
(N−k)!Nk =

limN→∞
p→0

N(N−1)···(N−(k−1))
Nk = 1.

This means that the Binomial distribution and the Poisson distribution can be approxi-

mated, when p→ 0 and N →∞.
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A Title of Appendix

Appendices may appear after the paper proper. Appendices may hold extra information

that would interrupt the flow of the paper and that is not absolutely necessary for the reader

to appreciate the work. For example, a large number of related figures or a mathematical

derivation could go nicely in an appendix.
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